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A quantum equation of gravity is proposed using geometric quantization of general relativity.
Quantum equation for a black hole is solved using the Wentzel–Kramers–Brillouin (WKB) method.
Quantum effects of a Schwarzschild black hole are provided by solving a quantum equation of
gravity requiring a stationary phase and also using the Einstein–Brillouin–Keller (EBK) quantization
condition, and they are consistent each other.
WKB method is also applied to the McVittie–Thakurta metric, which is describing a system
consists of Schwarzschild black holes and a scalar field. A possible interplay between quantum
black holes and scalar field are investigated in detail. A number density of black holes in the
universe is obtained using statistical mechanics on a system consisting of black holes and a scalar
filed. A possible solution for the cosmological constant problem is proposed in basis of a statistical
consideration.
I. INTRODUCTION
In recent years, our understanding of nature covers
from a large scale structure of the universe to a mi-
croscopic structure of sub-atomic elements. The former
is described by the theory of general relativity and the
latter is governed by a quantum theory of gauge fields.
However, unified understanding of these two fundamen-
tal theories are not established yet in a widly accepted
manner to date. A construction of quantum gravity of a
four-dimensional space time is one of the most important
target of fundamental physics.
Before establishing modern quantum mechanics, the
old quantum theory played an essential role to un-
derstand an atomic system, and it assisted to con-
struct the modern theory. For example, the Bohr–
Sommerfeld quantum condition succeeded to calculate
quantum-mechanically possible (discrete) energy-states
for a hydrogen atom. This success induced an idea of
a matter (electron) field given by de Broglie[1]. Whereas
the Bohr–Sommerfeld quantum condition is applicable
only for systems with a periodic motion, its applicability
was extended to systems with a non-periodic motion by
Einstein[2] and Brillouin[3]. Later, Keller[4] improved
the method to add a correction term to the quantiza-
tion condition due to boundary conditions, and thus, it
is now referred to as the Einstein–Brillouin–Keller (EBK)
quantization. The correction term introduced by Keller
is refined by Maslov[5, 6] and Arnol’d[7] in context of
symplectic geometry, and thus, this correction term is
referred to as the Keller–Maslov–Arno’ld (KMA) term
in this paper.
A symplectic structure of general relativity and the
EBK quantization for the vacuum solution of the Einstein
∗ yoshimasa.kurihara@kek.jp
equation are discussed in detail by the current author[8],
and a prequantization bundle and a prequantum Hilbert
space of general relativity are proposed. The geomet-
ric quantization method suggests a quantum equation of
gravity (the Schro¨dinger–Einstein equation) represented
using quantum operators that satisfy canonical com-
mutation relations. The zeroth order solution of the
Schro¨dinger–Einstein equation gives a classical vacuum
solution, and the WKB method can then give quantum
corrections on a classical vacuum solution, which gives
approximated quantum wave-functions beyond vacuum
solutions. A quantum effect on a Schwarzschild black
hole with a scalar filed are discussed in this study.
This report is organized as follows: In section II, clas-
sical general relativity is briefly introduced using the ter-
minology introduced in previous studies[8–10]. Two for-
malisms of quantum general relativity, EBK quantiza-
tion and geometric quantization with the WBK approx-
imation, are discussed in section III. Section IV is de-
voted to applications of quantum general relativity to a
Schwarzschild black hole and a system consisting of a
hole and a scalar field. Results obtained in section IV
are used to treat the universe as a thermal equilibrium of
holes and a scalar field in section V. A possible solution
of the cosmological constant problem is also discussed in
section V. At last, the results of this study are summa-
rized in Section VI.
II. CLASSICAL GENERAL RELATIVITY
A. notations
A four-dimensional pseudo-Riemannian manifold
(M , g) with GL(1, 3) symmetry is introduced as a model
of the universe. Its tangent and cotangent spaces are
denoted as TM and T ∗M , respectively. A vector in
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2T ∗M , which is called “form”, is represented using a
Fraktur letters “A, a,B, b,C, c · · · ” in this paper. Spaces
of tangent vectors and forms are respectively denoted
as V p(TM ) and Ωp(T ∗M ), where p is a rank of vectors
(tensors).
General relativity is constructed in M as follows:
A line element is defined using the metric tensor as
ds2 = gµ1µ2(x)dx
µ1 ⊗ dxµ2 . The Einstein convention
for repeated indexes are used throughout this paper.
It is always possible to find a frame whose affine con-
nection vanishes as Γρµν(p) = 0 at any point p ∈ M
because affine connection Γρµν is not a tensor in TM .
A local manifold with a vanishing affine connection has
Poincare´ symmetry ISO(1, 3) = SO(1, 3) n T (4), where
T (4) is a group of four-dimensional translations. This
local manifold is referred to as the local Lorentz mani-
fold and is denoted by Mp. In Mp, vanishing gravity
such as ∂ρgµν = 0 is not required in general. Bundle
M := ⋃pMp can be regarded as the principal bun-
dle in M , which is referred to as the Poincare´ bundle.
Tangent bundle TM := ⋃p TMp and cotangent bun-
dle T ∗M := ⋃p T ∗Mp are also respectively introduced.
The metric tensor diag[η] = (1,−1,−1,−1) is employed
in this study. Standard local-coordinate vectors in M
and TM are represented as xa and ∂a := ∂/∂xa, respec-
tively. The base manifold of vectors and forms M or M
are distinguished by Greek suffixes in M or Roman suf-
fixes in M in our representation. Diffeomorphism map
E : M → M : g 7→ η is represented using a standard
coordinate on any chart of M as
ηab = Eaµ1(xµ)Ebµ2(xµ)gµ1µ2(xµ),
where ηab = [η]ab and gµν = [g]µν . Function Eaµ(xµ) =
[E(xµ)]aµ is referred to as the vierbein. Diffeomorphism
E induces isomorphism TM ∼= TM, and then, a form
a ∈ Ωp(T ∗M) and its pull-back E∗[a] ∈ Ωp(T ∗M ) can be
equated each other and denoted simply a ∈ Ωp in this
paper. Orthogonal base vectors can be obtained respec-
tively from those in TM and T ∗M as ∂a := Eµa ∂µ and
ea := Eaµdxµ, where Eµa := [E−1]µa . They are “dual bases”
each other such as ea∂b = Eaµ1Eµ2b dxµ1 ∂µ2 = Eaµ Eµb = δab .
Base vector ea is referred to as the virbein form, which is
e ∈ Ω1 ∩ V 1(TM). Spin connection w ∈ so(1, 3) is intro-
duced as a Lie-algebra-valued one-form, and it is referred
to as the spin form. The spin form can be represented
using a standard coordinate as wab = ω aµ c η
cbdxµ, and
it is anti-symmetric as wab = −wba. The spin form is
equated with a standard one-form wab ∈ Ω1 due to its
component representation. On the other hand, it is not
a local tensor as wab ∈| V 2(TM).
Torsion two-form Ta is defined using the covariant
derivative as Ta := dwe
a = dea + wab ∧ eb, where dw is
a covariant derivative with respect to SO(1, 3). Dummy
Roman-indexes are often abbreviate to a dot (or an as-
terisk), and this notation is used throughout this pa-
per. Dummy Greek-indexes are not abbreviated in con-
trast. A curvature two-form is expressed as Rab :=
dwab + wa· ∧ w·b, which is a Lorentz-tensor-valued two-
form as Rab ∈ V 2(TM)⊗Ω2. When multiple dots appear
in an expression, pairing must be a left-to-right order at
both upper and lower indexes. A GL(1, 3) invariant vol-
ume form can be expresses as
v =
1
4!
····E ·µ1E ·µ2E ·µ3E ·µ4dxµ1 ∧ dxµ2 ∧ dxµ3 ∧ dxµ4 ,
=
√
−det[g]dx0 ∧ dx1 ∧ dx2 ∧ dx3.
where abcd is a completely antisymmetric tensor (the
Levi Civita tensor) whose component is 0123 = 1 in TM.
We note that
√−det[g] = −det[E]. A two-dimensional
surface form is defined as Sab :=
1
2ab··e
· ∧ e· which is a
two-dimensional surface perpendicular to both ea and eb.
We note that the volume form can be written using the
surface form as v = −····S·· ∧S··/4!.
B. Lagrangian formalism
Einstein–Hilbert gravitational Lagrangian L is ex-
pressed using forms defined above as
L :=
1
2κ
(
R·· ∧S·· − Λc
3!
v
)
, (1)
where κ = 4piG (G is the Newtonian gravitational con-
stant) is Einstein gravitational constant in our convention
and Λc is the cosmological constant. Whereas the light
velocity is set to unity as c = 1, other natural constants κ
and ~ are written explicitly in this study. In this conven-
tion, the fundamental parameters can be expressed such
as Planck length lp =
√
G~, Planck time tp =
√
G~, and
Planck mass mp =
√
~/G in our convention. We note
that L/~ has a null physical-dimension in our definition.
The Einstein equation and torsionless condition can be
expresses as
a···R·· ∧ e· = 0 and Ta = 0, (2)
and they are obtained as a Euler–Lagrange equation by
considering the variation with respect to the surface and
spin forms. The cosmological constant is assigned to zero,
hereafter.
C. Hamiltonian formalism
For a construction of a Hamiltonian formalism, the
fundamental forms are identified as (w,S). When spin
form w is identified as the general configuration variable,
the canonical momentum M is obtained as
Mab :=
1
~
δL
δ (dwab)
=
1
κ~
Sab,
and it is consistent with the choice of phase space (w,S)
due to the principal Poincare´ bundle. Constant ~ is in-
troduced to adjust the physical dimension to be null. A
3classical Hamiltonian form can be obtained from the La-
grangian form using the Legendre transformation as
H :=
1
2
M·· ∧ dw·· − 1~L = −
1
2κ~
w∗· ∧w·∗ ∧S∗∗ . (3)
The Hamiltonian form has a null physical dimension in
our convention. We note that the Hamiltonian form is
not the local SO(1, 3). The Einstein equation and tor-
sionless condition can be obtained as canonical equations
of motion as expected.
The Poisson bracket is introduced in the covariant for-
malism as
{a, b}PB :=
δa
δw··
∧ δb
δS··
− δb
δw··
∧ δa
δS··
,
where a ∈ Ωp and b ∈ Ωq for 0 ≤ p, q ∈ Z. The Poisson
brackets for the fundamental forms are obtained as
{wa1a2 ,wa3a4}PB = {Sb1b2 ,Sb3b4}PB = 0,
{wa1a2 ,Sb1b2}PB = δ[a1b1 δ
a2]
b2
,
(4)
δ
[a1
b1
δ
a2]
b2
= δa1b1 δ
a2
b2
− δa2b1 δa1b2 . The Hamiltonian form can be
understood as a generator of a total derivative of a given
form because the Poisson brackets between the funda-
mental and Hamiltonian forms becomes
a··· {w··,H}PB ∧ e· = −a···w·∗ ∧w∗· ∧ e·,
= a···dw·· ∧ e·,
and
{Sab,H}PB = − (−ηb·w·· ∧S·a) = dSab,
where the canonical equations of motion are used.
III. QUANTIZATION METHODS
The EBK quantization condition of vacuum solutions
of the Einstein equation is discussed in Ref.[8] by means
of geometric quantization with the symplectic structure
of the space-time manifold. The quantization condition
of the vacuum solution is summarized at first in this sec-
tion.
Then, the quantum equation of motion for geometrical
quantization is proposed using geometric quantization for
general relativity. The quantum Hilbert space is also in-
troduced in the prequantization submanifold. The WKB
method then applied to solve the equation on an order-
by-order bases.
A. EBK quantization
Let us start from a system of N classical particles with
Hamiltonian H(qi, pi), (i = 1, · · · , N). A Hamiltonian
is assumed to be completely integrable. Liouville form
si=pidqi constructs the symplectic manifold (R2N , dsi).
Submanifold L ∈ R2N is referred as the lagrangial sub-
manifold when it satisfies W|L = 0 and dim(L) = N .
If phase-space variables are not separation of variables,
each particle does not form a closed orbit. Einstein, Bril-
louin and Keller extend the Bohr–Sommerfeld quantiza-
tion condition in such a case as
SEBKk =
1
2pi~
∮
Γk
N∑
i=1
pidqi = nk +
µk
4
,
with k = 1, · · · , N , where 0 ≤ µi ∈ Z is a index of kth
variable obtained due to boundary conditions. Contour
integrals are performed along all homotopy-independent
closed-circles of a kth particle on lagrangial submanifold
L, and a contour is denoted as Γk which is not necessarily
a classical closed orbit. Term µk is the KMA index.
Classical general relativity with the principal Poincare´
bundle induces a symplectic manifold (σ⊗$, dS··∧dw··),
where $ and σ are respectively a set of all possible spin
connections and surface forms as vacuum solutions. The
EBK quantization condition can be stated for the pre-
quantization submanifold as∫
Lvac
S·· ∧ dw·· =
∫
Lvac
(L + H) = n. (5)
where Lvac is a lagrangian submanifold that gives
L|Lvac = 0, and 0≤ n ∈ Z is called a quantum number.
After integrations, vacuum energy Evac can be obtained
as ∫
Σ
H = Evac = n+ µH
4(M5,Z), (6)
where Σ ⊂M is an appropriate subset of the space-time
manifold, and µ ∈ R is a constant which is not yet de-
termined. The four-dimensional space-time manifold is
emerged in a five-dimensional manifold M5 in some ap-
propriate method[8]. We note that the Lagrangian form
in integral (5) is the fundamental-form valued four-form
in σ⊗$, and, at the same time, it is standard four-form
L ∈ Ω4(T ∗M' T ∗M ). These two Lagrangian forms can
be equated due to homomorphism Lvac ' T ∗M discussed
in Ref.[8]. The KMA index appears from an integration
of the Lagrangian form as the second Chern class[10].
B. Geometric quantization
To this point, an energy spectrum of a vacuum en-
ergy have been considered using the EBK quantization
without a quantum state vector. Before introducing a
state vector using geometric quantization, a physical in-
terpretation of a state vector and its Hilbert space are
considered here.
In our methods, the subject to be quantized is not
the space-time manifold itself, and thus the space-
time coordinate xµ is not q-number (operator) but c-
number[11, 12]. The subject for quantization is vier-
bein E(c) (equivalently g(c)) as a solution of the Ein-
stein equation. In classical general relativity, geometrical
Riemannian-metric tensor g(g) is equated to the solution
4of the classical Einstein equation such as g(g) = g(c),
that is nothing other than the Einstein equivalent prin-
ciple. At a quantum level, this relation is not simply
fulfilled. The geometrical metric tensor will be given as
an expected value of quantum metric tensor g(g) = 〈g(q)〉
where a definition of the “expected value” will be given
in this section.
Next, let us consider a Hilbert space of quantum state-
vectors under geometric quantization. A Hilbert space
of the fundamental form at a classical level (prequantum
Hilbert space) is discussed in Ref.[8], and it is a space
of spin connections and surface forms, which are subsets
of square-integrable functions. The prequantum Hilbert
space must be extended to include quantum state vectors
as operators on it. According to the geometric quanti-
zation procedure, Poisson bracket (4) is replaced by the
commutation relation of operators as[
ŵa1a2(x), ŵa1a2(y)
]
=
[
Ŝa1a2a1a2(x), Ŝb1b2(y)
]
= 0,[
ŵa1a2(x), Ŝb1b2(y)
]
= iκ~δ(4)(x− y)δ[a1b1 δ
a2]
b2
.
(7)
Corresponding prequantum operators can be obtained as
ŵab = iκ~ δδSab + w
ab,
Ŝab = −iκ~ δδwab .
(8)
We can confirm that operators (8) satisfy commuta-
tion relations (7) by direct calculations. When a real-
polarization is employed as in Ref.[8], a state vector
is a function consists of vacuum solutions of the spin
connection, and thus, spin-form operator (8) becomes
ŵab = wab. The quantum Hamiltonian operator cor-
responding to (3) can be expressed as
Ĥ := − i
2
w∗· ∧w·∗ ∧
δ
δw∗∗
, (9)
and thus, the Schro¨dinger equation can be represented as
− i
2
w∗· ∧w·∗ ∧
δ
δw∗∗
|Ψ(ω)〉 = E|Ψ(ω)〉, (10)
where |Ψ(ω)〉 ∈ $ is a state vector. Equation (10) is re-
ferred to as the first-order Schro¨dinger–Einstein equation
(SE-I) in this paper. Here, operator ordering of “ŵ-left
and Ŝ-right” is employed. The SE-I does not depend on
a convention of operator ordering because of a relation
1
2
δ
δw··
(w·∗ ∧w∗·) = w·· = 0.
The SE-I has a formally solution as
|Ψ(ω)〉 = A exp
[
i
2κ~
∫ (
w·· ∧S·· + 2 λ
κ~
v
)]
, (11)
where A is an appropriate normalization constant and λ
is an arbitrary constant. Whereas state vector |Ψ(ω)〉 is a
functional of the spin connection, an integration in (11)
is not a functional integration but a Riemannian. The
state vector can be recognized as map |Ψ〉 : $ → C. The
second term of the integrand is a constant with respect
to a functional of the spin connection, and thus, it can
be absorbed in the normalization constant.
The prequantum Hilbert space of the spin and sur-
face forms is obtained as $ = σ ⊂ L2(TM), where
L2(TM) means a set of square integrable functions on
TM. The prequantum Hilbert space is denoted as H(c).
The quantum Hilbert space is a dual space of H(c) with
respect to functional derivative operator (8), and it pro-
vide Gel’fand triple H(c) ⊂ L2(TM) ⊂ H(c)∗ := H(q).
Because quantum operator Ŝab includes imaginary unit
i :=
√−1, dual space H(q) must be a set of complex
functions. Even though the spin connection is a square-
integrable function, state vectors are not necessarily a
holomorphic function. Whereas state vectors treated in
this study are holomorphic, analyticity of state vectors
must be confirmed in general.
Because a state vector is considered as a functional of
a spin connection ω aµ c(x), the surface form in (11) can
be interpreted as an integration measure, and thus, an
inner product of two state vectors is defined as
〈Ψ(ω′)|Ψ(ω)〉 = |A˜|2 exp
[
1
2(κ~)2
∫
(w′)·∗ ∧w∗· ∧S··
]
,
where an integration of the volume form is included in
A˜. A norm of the state vector can be defined as the
inner product to itself. When the spin connection is a
square-integrable function, a state vector and its norm
for a given spin form is well defined.
C. WKB method
Operator representation (8) is not a unique possibility,
and another representation
ŵab = iκ~ δδSab ,
Ŝab = Sab,
(12)
is also possible. A corresponding Schro¨dinger–Einstein
equation can be expressed as
−κ~
2
η∗∗S·· ∧ δ
δS·∗
∧ δ
δS∗·
|Ψ〉 = E|Ψ〉, (13)
from vacuum Hamiltonian (3). This equation is re-
ferred to as the second-order Schro¨dinger–Einstein equa-
tion (SE-II). Here, an operator ordering of “ŵ-right and
Ŝ-left” is employed. The SE-II also does not depend on
a convention of operator ordering such as
η∗∗
δS··
δS·∗
∧ δ
δS∗·
= η··
δ
δS··
= 0.
The WKB approximation can be applied solving the SE-
II. First, the solution of Schro¨dinger equation (13) is as-
sumed to have a form
|Ψ(S)〉 = exp
[
i
κ~
S(S)
]
. (14)
5This state vector can be recognized as a map |Ψ〉 : σ → C,
and again the integration is not a functional but a Rie-
mannian one. A quantum Hilbert space can be con-
structed as the same as for the first case. The equation
can be represented as follows:
−1
2
S·· ∧
[
i (S′′)·· − 1
κ~
(S′)·∗ ∧ (S′)∗·
]
|Ψ〉 = E|Ψ〉,(15)
where abbreviations such as
(S′)ab =
δS
δSab
,
(S′′)ab = ηc1c2
δ
δSac1
(
δS
δSc2b
)
,
are used. Next, function S is Taylor-expanded with re-
spect to a power of −iκ~ as
S = S0 − iκ~ S1 + (−iκ~)2 S2 + · · · . (16)
By substituting (16) into (15) and correcting terms with
respect to a power of κ~, we can obtained as
(κ~)−1 : S·· ∧ (S′0)·∗ ∧ (S′0)∗· /2 = mpE,
(κ~)0 : S·· ∧
[
(S′′0 )
··
+ 2 (S′0)
·
∗ ∧ (S′1)∗·
]
= 0.
The lowest order solution is obtained as
S0 =
1
2
S·· ∧w··, (17)
and it is the same as (11) when λ = 0. The first order
correction can be obtained as
1
κ~
S·· ∧ (S1 (S))·· = −1
2
log
[
1
κ~
S·· ∧ (S′0 (S))··
]
,
when (S′′0 )
ab 6= 0. For the simple case such that S0 (S) is
linear with respect to S as (17), it becomes S′′0 (S) = 0.
In this case, S1 is a constant with respstatevect to S,
and thus, the solution can be expressed as
−iκ~ S1 = − λ˜
4!
····S·· ∧S·· = λ˜v, (18)
where λ˜  κ~ is dimensional parameter. When we set
λ = λ˜/κ~, the solution is consistent with (11).
As a consequence, both representations, SE-I and SE-
II, provide a consistent solution of state vector (11).
IV. APPLICATION FOR SCHWARZSCHILD
BLACK HOLES
Results obtained in previous section is applied to black-
hole solutions in this section. Quantization of a black
hole has a long history. First Bekenstein discussed a
mass spectrum of a Kerr black hole as an analogy of a
charged particle with spin[13]. Louko and Winters-Hilt
extended discussions to Reissner–Nordstro¨m–anti-deSit-
ter black holes using Hamiltonian thermodynamics[14].
An area spectrum of black holes is also discussed based on
a quantum area-operator by many authors[15–19]. An-
other approach from string theory[20] and loop quantum
gravity[21] also exist.
A black-hole mass-spectrum based on the SE-I is dis-
cussed and it is compared with that from the EBK con-
dition.
A. Quantum Schwarzschild solutions
A Schwarzschild solution of the classical Einstein equa-
tion is given using polar-coordinate xa = (t, r, θ, φ) as
follows:
ds2 = f2(r)dt2 − dr
2
f2(r)
− r2 (dθ2 + sin2 φ dφ2) ,(19)
where f2(r) = 1−2MG/r and M is a mass of a black hole
measured by an asymptotic observer at infinitely away
from the hole at rest. A vierbein form can be obtained
from (19) as
eaSchw =
(
f dt, f−1 dr, r dθ, r sin θ dφ
)
. (20)
From the above solutions and the torsionless condition, a
unique representation of the spin form can be obtained[9]
as
wab =
 0 −GM/r
2 dt 0 0
0 f dθ f sin θ dφ
0 cos θ dφ
0
 , (21)
where the lower half is omitted because it is obvious due
to the antisymmetry of the spin form. Classical Hamil-
tonian (3) can be expressed as
HSchw = − 1
2~κ
w·∗ ∧w∗· ∧S··,
= − 1
~κ
sin θ dt ∧ dr ∧ dθ ∧ dφ, (22)
and accordingly the Liouville-form is obtained as
1
2κ~
w·· ∧S·· = 1
κ~
[(3GM − 2r) sin θ dt ∧ dθ ∧ dφ
+ cos θ dt ∧ dr ∧ dφ] . (23)
Corresponding solution of the SH-I can be expressed
as;
|Ψ〉 = exp
[∫
i
κ~
S(w)
]
, (24)
where
S(w) =
1
2
w·· ∧S·· = (23)/κ~. (25)
The energy eigenvalue can be also obtained as;
E = − 1
κ~
∫
w·∗ ∧w∗· ∧S·· (26)
6An expected value of the quantum Hamiltonian can be
obtained using (22) as;
ESchw(R) = 〈Ψ|ĤSchw|Ψ〉
=
1
~κ
∫ tp ∫ R ∫ S2
HSchw = −R
lp
,
where S2 is 2-dimensional sphere. Normalization factor
A˜ is determined to provide |A˜|2 = 1. We set a finite
upper bound of the r-integration at r = R. A value
〈Ψ|ĤSchw|Ψ〉 gives an expected value of the total gravita-
tional energy in the two-dimensional sphere with a radius
R during the Planck time measured by the asymptotic
observer. An energy density per unit surface area at a
distance R from the origin is given as;
ESchw(R) =
ESchw
4pi(R/lp)2
= − 1
4pi
1
(R/lp)
,
and thus, the energy density at the event horizon of a
black hole measured by the asymptotic observer can be
obtained as∣∣∣ESchw(R = 2MG)∣∣∣ = 1
mp
(
~
8piGM
)
. (27)
We note that the energy density of space time in a given
region is a coordinate dependent observable. The energy-
density given here is an expected value in the asymptotic
frame. This energy-density (in unit of Planck mass) is
nothing other than the Hawking temperature[23].
The state vector (24) with (25) can be expressed as
|Ψ(r)〉 = exp
[
4pii
(
2
r
lp
− 3 M
mp
)]
, (28)
after integrated on a unit sphere during the Planck time.
The second term of (23) is related an angular moment
of the black hole, and thus it is ignored because non-
rotating holes are considered here. The first observation
is that the state vector is finite at the center of the black
hole. In analogy with a mass point in a quantum well,
some appropriate boundary conditions may induce an en-
ergy spectrum of black holes. However, we still do not
understand what is an appropriate due to lack of our
knowledge for a quantum black hole. Here, we require
the quantum state has a standing wave in a black hole,
which induces a constraint on a phase difference between
the center and the event horizon of a black hole as∣∣log (|Ψ(2GM)〉)− log (|Ψ(0)〉)∣∣ = 16pii M
mp
,
= 2pii. (29)
This condition requires the minimum mass of a black hole
to be Mmin = mp/8. It can be satisfied by configuring
EBK quantization condition (6) as
MEBKn =
mp
2
(
n+
1
4
)
, n = 0, 1, 2, · · · , (30)
which corresponds that µ is chosen to be 1/4 because
cohomology H4(M5,Z) is obtained to be unity[8].
Mass spectra obtained in previous studies[13, 17, 18,
24] are apparently different form our result. Since a mass
spectrum of black holes was obtained as a consequence
of an area spectrum (including effects from charge and
angular momentum) in previous studies, the spectrum
condition is set on a mass square rather than a mass
itself, such for a Schwarzschild black hole as
M˜2 =
m2p
2
(n+ µ˜) , (31)
where µ˜ = 0 is proposed by Bekenstein[13, 24],
Medbed[19], and µ˜ = 1/2 by Barvinsky, Das,
Kunstatter[17] and Gour, Medved[18].
B. McVittie–Thakurta metric
1. Classical solution
A quantum effect on an isolated Schwarzschild black
hole in vacuum is discussed in previous subsection. Next,
a hole in a scalar field background is considered in this
subsection. In 1933, McVittie reported an exact so-
lution of the Einstein equation, which represented a
Schwarzschild black hole in an expanding universe[25]
and he again discussed a solution with a Schwarzschild
black hole in a FLWR background metric[26] in 1966.
A McVittie metric can be interpreted as a solution of
a Schwarzschild black hole whose mass is depending on
time. In 1981, Thakurta extended a McVittie met-
ric to a rotating black holes[27]. (Yet another solution
of back holes in an expanding universe was found by
Gibbons and Maeda[28].) By means of McVittie and
Thakurta solutions, cosmological studies has been per-
formed afterwards[29–42]. A Thakurta’s representation
of a metric with a vanishing angular momentum is re-
ferred to as a McVittie–Thakurta metric in this paper.
The McVittie–Thakurta metric is suitable to analyze an
interplay between a hole and a scalar field.
A system consists of a Schwarzschild black hole and
the classical scalar field is considered. The McVittie–
Thakurta metric in this case can be expressed[42] similar
to vierbein (20) as
eaMcT =
(
f(r)dt, f−1(r)Ω(t)dr,Ω(t)rdθ,Ω(t)r sin θdφ
)
,
where Ω(t) is a scale function induced by an existence
of a scalar field. Whereas the cosmological time τ can
be defined as dτ = Ω(t)dt, the physical time t is used
in this analysis. According to ref.[42], the cosmological
mass MΩ and radius RΩ are respectively introduced as
MΩ(t) = MΩ(t) and RΩ(t) = r Ω(t).
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G~
3H2
f2Ω
= 8piG T 00, (32)
G~
3H2 + 2H˙
f2Ω
= −8piG T 11, (33)
G2~
MΩH
f2ΩR
2
Ω
= −4piG T 10, (34)
with
f2Ω = 1−
2GMΩ
RΩ
= 1− 2GM
r
,
where H = ∂tΩ/Ω is a Hubble “constant”. Energy-
momentum tensor T ab is induced by the classical scalar
field ϕ in this study. A geometrical representation of a
scalar filed used in this analysis is summarized in Ap-
pendix A. Energy-momentum tensor T ab is defined to
provideGT ab having null physical dimension in this anal-
ysis. Scalar field ϕ and its potential energy V (ϕ) respec-
tively have physical dimensions (mass) and (mass)4 as
the same as a standard definition. An energy-momentum
tensor is given using the scalar field as
T 00/G =
1
4
(∂tϕ)
2 +
1
4
(∂rϕ)
2 +
1
2~2
V (ϕ),
T 11/G =
1
4
(∂tϕ)
2 +
1
4
(∂rϕ)
2 − 1
2~2
V (ϕ),
T 10/G = −1
2
(∂tϕ)(∂rϕ).
Here the scalar field is assumed to be isotropic but not
uniform nor static, and thus, it is a function of t and r
as ϕ = ϕ(t, r). An equation of motion for the scalar field
under this condition can be express as
~2
[
1
f2Ω
(
∂2t ϕ+ 3H∂tϕ
)− f2Ω
Ω2(t)
∂2rϕ− 2
1−GMΩ/RΩ
RΩΩ(t)
∂rϕ
]
+ ∂ϕV (ϕ) = 0. (35)
Under slow rolling and almost flat conditions for the
scalar function, following represented can be assumed as
ϕ(t, r) =
√
~
G
ϕ0 +
ϕt
G
t+
ϕr
G
r, (36)
with ϕ0  ϕt, ϕr. All constants ϕ• have null physical-
dimension. In addition, the potential energy V (ϕ) is re-
quired to satisfy O(V/m4p) ≥ O
(
ϕ20/m
2
p
)
. Under these
approximations, an equation of motion (35) can be rep-
resented as
~2
G
(
3
H
f2Ω
ϕt − 21−GMΩ/RΩ
RΩΩ(t)
ϕr
)
+ ∂ϕV (ϕ) = 0,(37)
and a solution of Friedmann equations (32) and (33) can
be obtained as;
H = ±fΩ
~
√
κV (ϕ)
3~
, (38)
Ω(t) = exp (Ht), (39)
with an initial condition of Ω(t = 0) = 1. Although a
concrete functional form of the potential energy V (ϕ)
is not introduced here, the solution (38) is consistent
with an equation of motion (37) under above approx-
imations. From this solution, an energy flux across a
two-dimensional sphere with radius RΩ during unit time
is obtained as;
GT01 = ±G~
√
V (ϕ)
12pi
MΩ/mp
fΩ (RΩ/lp)
2 =
1
2
ϕtϕr. (40)
Above solutions are still meaningful in the hole, if we as-
sume V (ϕ) < 0 in a region r < 2GM , and this assump-
tion is reasonable because a sign of g00 is negative in the
hole in contrast with that in r > 2GM . A Hubble “con-
stant” can has both positive and negative solutions as in
(38). The time-dependent mass MΩ and the radial length
RΩ are scaled equally such as M˙Ω/MΩ = R˙Ω/RΩ = H,
as well as in ref.[42]. What we can observe in the expand-
ing universe is discussed in refs.[43–45]. In our case, the
diameter of the event horizon becomes larger according
to time for positive solution H > 0. The expansion of
the event horizon makes the surface temperature lower
as shown in (27). This is caused by the negative energy
flow of (40), that means an energy of the scalar field is
absorbed by a hole. On the other hand, the solution with
negative H gives an energy emission from a hole through
the positive solution of (40). We note that a sign of the
energy flow is positive when a radius of a hole increases.
Absorption or emission of the scalar energy may occur
spontaneously according to their probability, which can
be calculated using quantum gravity proposed here.
2. Quantum correction
A Hamiltonian of a Schwarzschild metric is considered
as the Born Hamiltonian with including a scalar field
as small perturbation. A gravitational effect of a scalar
field in the Lagrangian form is expressed as (A7) given in
Appendix A, and it is proportional to the volume form.
A following approximation is employed to investigate a
possible interplay between black holes and a scalar field:
A mass spectrum is provided by a Born approximation
given as (30). Accordingly state vectors are parameter-
ized using its mass eigenstate. In the WKB method, the
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λ˜ in (18). A transition probability from one mass state
to another is estimated using Fermi’s golden rule with
the interaction Hamiltonian.
A Schwarzschild Hamiltonian (22) is denoted as H0
hereafter. Born Hamiltonian H0 and its Eigenstate |Ψ0〉
with a hole mass Mn can be express as
H0 = − 1
4piκ~
1
r2
v, (41)
|Ψ0〉 = |r;n〉 = cos
[
4pi
(
2r
lp
− 3Mn
mp
)]
, (42)
where Mn is given by (30). Scalar Hamiltonian den-
sity H is introduced from a Hamiltonian four-form as
H = H v/(κ~)2. From Born Hamiltonian-form (41), Born
Hamiltonian-density H0 can be obtained as
H0 = − 1
(r/lp)
2 . (43)
A McVittie–Thakurta Hamiltonian-form can be obtained
as
HMcT = − 1
4piκ~
[
1
R2Ω
+ 3
(
H
fΩ
)2]
vMcT, (44)
where vMcT is a four-dimensional volume form of a
McVittie–Thakurta metric, which can be provided as
vMcT = Ω
3(t)r2 sin θ dt ∧ dr ∧ dθ ∧ dφ,
= dt ∧ (RΩdRΩ) ∧ (RΩ sin θdθ) ∧ dφ.
From Hamiltonian four-form (44), Hamiltonian density
HMcT can be obtained as
HMcT = − 1
4piκ~
[
R−2Ω + 3
(
H
fΩ
)2]
,
= H0 exp (−2Ht)− 3
4piκ~
(
H
fΩ
)2
,
as well as a Born case, where solution (39) is used. A dif-
ference between two Hamiltonian densities is intriduced
as δH = HMcT − H0. Here, results of quantum gen-
eral relativity given in previous section is applied to this
system to maintain a scalar field at a classical level. A
transition rate from initial state |Ψi0〉 to final state |Ψf0 〉,
which is denoted as Γi→f , can be estimated using Fermi’s
golden rule such as
Γi→f =
∣∣∣〈Ψf0 |δH|Ψi0〉∣∣∣2 δ (Ef0 − Ei0 ± Eϕ) , (45)
where Ei,f0 are energy eigenvalues with respect to the
state |Ψi,f0 〉, respectively, and Eϕ is an absorbed or emit-
ted energy owing to a scalar field. Transitions from one
mass state to another are possible due to an energy flow
between a hole and the scalar field given in (40). A tran-
sition matrix can be calculated as
〈Ψf0 |δH|Ψi0〉 =
∫ [
H0 exp (−2H(r)t)−H0 − 3
4piκ~
(
H(r)
fΩ
)2]
× 〈r;n|r;n± 1〉 v, (46)
where H(r) is obtained as a solution on the Friedmann
equation in (38) . Here, the potential energy of the scalar
field is treated as a constant as V (ϕ)→ V (ϕ0) under the
assumption (36), and thus, H(r) is a function of r only
through function fΩ. For on-shell black holes, a state
vector squared is normalized as
|Ψ0|2 := 〈r;n|r;n± 1〉 = 1 (47)
for any 0 ≤ n ∈ Z. The second and third terms in the
integration (46) can be integrated easily as
− 1
4κ~
∫ [
1
r2
+ 3
(
H(r)
fΩ
)2]
|Ψ0|2 v0
= Nm
[
1− 4piN
2
m
3
V (ϕ0)
m4p
]
τ
tp
, (48)
where Nn = (n + 1/4). The integration is performed in
the event horizon with up to τ in time. We note that the
potential energy V has a (mass)4 physical dimension,
and thus, integration (48) has a null physical-dimension.
Integrations of the first term of (46) can be performed
except a radial coordinate as
− 1
4κ~
∫
exp [−2H(r)t]
r2
|Ψ0|2v
=
1
2κ~
∫ 2GMn
0
exp [−2H(r)τ ]− 1
H(r)
dr. (49)
In summary, the transition matrix can be expressed as
〈Ψf0 |δH|Ψi0〉 = (48)+(49). Whereas this integration does
not have a representation using elementary functions, it
provides a convergent integral. Integration results with
negative H(τ) are just complex conjugate of those with
positive H(τ), and thus, an absolute value is independent
from a choice of the sign of H(τ). A result of numerical
integrations of (49) with V = m4p and τ = tp are shown
in Figure 1-(a) together with numerical values of (48).
We can interpret that Γi→f given by (45) is a probabil-
ity to occur a transition from a state with a mass Mn
9to that with Mn±1 during τ . Because the contribution
from (48) is dominated in the transition probability as
shown in Figure 1-(a), the transition probability is almost
proportional to a length of time. Therefore, a probabil-
ity to occur N transitions per unit time, which is de-
noted as p(N), should have a Poisson distribution such
as p(N) = ΓN exp (−Γ)/N !, and a mean time-interval
between two successive transitions forms a exponential
distribution with mean time-interval τ = 1/Γ. Numer-
ical results of the mean-interval as a function of a hole
mass near the ground state with V (ϕ0) = m
4
p are shown
in Figure 1-(b). A transition from one state to another
may occur spontaneously in analogy with spontaneous
photoemission of a hydrogen atom.
3. Comparison with Hawking radiation
Whereas an energy emission from a hole discussed in
this study is looks similar to the Hawking radiation[23], it
is not the case. The Hawking radiation, as well as the Un-
ruh effect[46], is induced by a kinetic term of the scalar
field through the metric tensor as gµν∂µϕ∂νϕ. On the
other hand, the radiation treated in this study is caused
trough the potential energy of a scalar field, as shown
in (40). Moreover, whereas an intensity of the Hawking
radiation is proportional to a inverse hole-mass, it is pro-
portional to a hole mass itself in our case. A mean life
time of a black hole with a mass M due to the Hawking
radiation can be expressed as τH(M) = 5120piG
2M3/~.
For a black hole with the Plank mass, a mean life-time
of the hole is τH(mp) ∼ 105tp due to the hawking radi-
ation and τ(mp) ∼ 10−3tp due to quantum gravity with
a scalar field V (ϕ = 0) = m4p, respectively. Therefore,
the Hawking radiation can be neglected compared with
the quantum gravitational effect for black holes near the
ground state.
For cosmological black holes in the current universe,
e.g. holes with a mass M = 100M, a mean life-time is
τH(M) ∼ 4.9 × 10123tp due to the Hawking radiation,
where the solar mass isM ∼ 3.6×1039mp. Cosmological
black holes have a longer life than the age of the universe.
For our quantum gravity, a mean interval is proportional
to τ ∝ [(M/mp)3V (ϕ0)/m4p]−1 from (48). In this case,
a mean time-interval due to a quantum gravitational ef-
fect becomes very short, and emission and absorption
are balanced completely. As the result, a cosmological
black hole becomes static. In conclusion, our model of
quantum gravity does not give any observable effect on
cosmological black holes through an interaction between
holes and a scalar filed in the current universe.
V. COSMOLOGICAL CONSTANT PROBLEM
Quantum effects on black-hole dynamics in a scalar
field background is discussed in previous section. In this
section, an interplay between gravity and a vacuum en-
ergy of a scalar filed is considered using statistical me-
chanics of black holes based on mass spectrum (30) given
in Section IV A. The universe is assumed to be filled only
with a scalar field for simplicity. A quantum theory of
the scalar filed requires an existence of a vacuum en-
ergy of the filed and its interaction with the space time.
First, Zel’dovich has discussed[47] this point in 1969, and
he pointed out a serious discrepancy between expected
and observed values of a vacuum energy. Weinberg has
estimated[48] a vacuum-energy density by summing up
all ground state energies of the scalar field as
〈ρvac〉 =
∫ λG
0
4pik2sdks
(2pi)3~3
1
2
√
k2s +m
2
s '
λ4G
16pi2~3
, (50)
where ks and ms are the momentum and mass of the
scalar, respectively. If energy cut-off λG  ms of
the integration is set to the Planck energy, a vacuum-
energy density becomes 〈ρvac〉 ' 6.3~−1G−2 ' 1.4 ×
1074 GeV4. Here the physical dimension of 〈ρvac〉 is
(mass)/(length)−3 in our units and is (energy)4 in the
natural units. This value is enormously larger than the
observed value of the dark energy ρDE ' 10−47 GeV4[49,
50]. This discrepancy, which is refereed to as “cosmologi-
cal constant problem”, is one of the most serious discrep-
ancy between an established theory and a precise obser-
vation. Whereas a number of explanations has been pro-
posed for this problem, a widely accepted solution is not
established yet to date. Recent reviews of the cosmolog-
ical constant problem can be found in references[51–54].
If the scalar filed is filling in the universe, a vacuum
energy of the filed can form a black hole as shown in
previous section and the black hole should contribute to
decelerate an expansion of the universe. Therefore, all
amount of a vacuum energy estimated above does not
simply cause an expansion of the universe. The net ef-
fect of the expansion must be determined by a balance
of two conflict effects owing to a scalar field and holes.
Friedmann equations (32) and (33) are used to analyze
cosmological constant problem here. In the analysis given
in previous section, only contribution from a scalar field
was considered for the energy momentum tensor. Here,
an effect due to black holes must be added to the en-
ergy momentum tensor to discuss an interplay between
holes and the filed. A potential energy of a scalar field
contributes to the Hubble constant through (38) with
fΩ → 1. A contribution due to black holes cannot be esti-
mated simply in principle. An energy momentum tensor
with multiple black holes in the universe must be treated
in our analysis. Whereas a solution of a Schwarzschild
black hole in a FLWR background metric can be rep-
resented using the McVittie–Thakurta metric, an exact
solution of two holes in the same background metric can
not be obtained by a simple sum of Schwarzschild and
McVittie–Thakurta solutions because the Einstein equa-
tion is non-linear. To treat multiple holes in the uni-
verse, a following assumption is introduced here: Black
holes are separated each other such that the interaction
energy among holes are much smaller than energies due
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FIG. 1. The transition rate (45) is calculated for the potential energy of V (ϕ0) = 1/m4p with the Planck units. Integration is performed
in the event horizon during time tp. Numerical results of (48) and (49) with hole masses from the minimum mass (mp/32) to the Planck
mass are shown in (a). A mean life-time of the spontaneous emission of the scalar field is shown in (b) with the same parameters in those
of (a).
to a hole mass and a scalar filed themselves, and then, a
linear approximation must be precise enough to discuss
a contribution of holes to the expansion of the universe.
Whereas black holes can be treated as perfect fluid un-
der an above assumption, their behavior is not the same
as that of the cosmic dust in the universe. For static
perfect-fluid in an isotropic and homogeneous universe,
the energy momentum tensor can be simply given using
the density ρ and pressure p of fluid as T 00 = ~Gρ and
T 11 = T 22 = T 33 = ~Gp, respectively. A state equa-
tion of the cosmic dust is simply given as pd = 0, and
the Friedmann equation gives a solution as ρdΩ(t)
3 = C,
where pd and ρd are respectively the pressure and den-
sity of the dust, and C is a constant fixed by a boundary
condition. Because a total three-dimensional volume of
the universe is proportional to Ω(t)3, this solution can
be understood as a conservation of a total amount of the
dust. On the other hand, a total amount of black holes in
our analysis is not conserved because number of holes are
determined according to a balance with the scalar field.
Black holes are interacting each other through a gravi-
tational interaction, even though the interaction energy
is assumed to be much smaller than their mass. A local
density-variation of holes should be propagated as gravi-
tational wave[55–57], and thus its velocity is the same as
a speed of light; dpBH/dρBH = c
2, where pBH and ρBH
are the pressure and density of black holes, respectively.
Therefore, the state equation of black holes is obtained to
be pBH = c
2ρBH . A physical dimension of c is null and
numerical value is c = 1 in our units. A speed of light
c will be omitted in formulae hereafter as the same as
another part of this report. Perfect fluid with the state
equation of p = ρ is first discussed by Zel’dovich[58].
That fluid is referred as to ultra-stiff fluid hereafter. Cos-
mology including ultra-stiff fluid is discussed by many
authors[59–61]. On the other hand, the state equation of
the scalar field is given as ps = −ρs, where ps and ρs are
the pressure and density of the scalar filed, respectively.
A total energy conservation (ρBH + ρs)Ω(t)
3 = C can
be ensured when total pressure is zero as pBH + ps = 0,
which is equivalent to ρBH = ρs. In other words, if en-
ergy densities of black holes and the scalar field are com-
pletely equal each other, a vacuum energy of the scalar
field does not contribute to expand the universe because
black holes makes counter pressure to the universe.
In reality, whereas the cosmological constant is very
small compared with the vacuum energy density, it is not
exactly zero. The cosmological constant problem must
be stated that “Why does the vacuum energy density
not balance completely with the black hole density?”. A
statistical-mechanical approach can give a tool to analyze
this subject. The universe is treated as an isolated system
including a scalar field and black holes, which is referred
to as the hole-field system. A total volume of the universe
and number of holes in it are not constant. Because the
net pressure is assumed to be zero as discussed above, the
hole-filed system does not perform any mechanical work
to the universe during its expansion, and thus the total
energy in the universe is conserved. An inverse tempera-
ture of a scalar field is obtained as βs = (~G)−3/2〈ρs〉−1
in our units. The physical dimension of the inverse tem-
perature is (mass)−1. Here, vacuum energy (50) with
an energy cut-off at the Planck energy is employed for
a quantitative analysis. Hole-field system is assumed to
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be at thermal equilibrium, and thus, the inverse temper-
ature of holes is the same as that of the scalar filed as
βBT = βs = 16pi
2m−1p . The whole universe cannot be
considered naively at thermal equilibrium because the
whole universe is not causally connected. This problem
will be discussed later in this section. Because number
of holes on excited states are not fixed, a number density
of black holes should be treated using the ground canon-
ical ensemble with Bose statistics. One black hole with a
mass Mi is statistically equivalent to i black holes at the
same position. Whereas a mass gap of black holes has
an order of the Planck mass, that of a scalar filed is nat-
urally expected to have an order of the electoweak scale
(102 GeV) or the ground unification scale (1015 GeV).
Therefore, the level density of the scalar field is highly
denser than that of holes, and thus it is justified to treat
a scalar field as heat bath. An average number of black
holes of a mass Mn can be estimated as
〈NnBH〉 =
1
eβBH(Mn−µ) − 1 , (51)
and a black hole energy density in the universe can be
given as
〈ρBH〉l3p =
∞∑
n=1
Mn
eβBH(Mn−µ) − 1 , (52)
where µ is chemical potential. A black-home mass is
estimated using (30). Chemical potential can be deter-
mined by requiring 〈ρBH〉 = ρs in (52). When the en-
ergy cut-off is set to mp, chemical potential is numeri-
cally obtained as µ = 2.3 × 10−1mp. This value ensures
the averaged number 〈NnBH〉 is positive for any n ≥ 0.
Number of holes in the current universe can be estimated
under these assumptions. The total number of black
holes in unit volume (l3p) can be obtained using (51) as
NBH =
∑
n=0〈NnBH〉 = 2.5× 10−2 by numerical calcula-
tions.
As mentioned above, it is not naively justified that
the whole current-universe is at thermal equilibrium of
the hole-field system. To realize thermal equilibrium in
the whole universe, the most realistic scenario is the cos-
mic inflation hypothesis[62–73]. The cosmic inflation is a
scenario that a some kind of scalar field caused exponen-
tially rapid expansion of the universe at very beginning
of the universe. This exponential expansion is induced by
negative pressure of the scalar field. If negative pressure
due to the scalar filed was completely balanced by posi-
tive pressure of black holes, the cosmic inflation cannot
be induced. A possible solution of this question is as fol-
lows: At the beginning, the universe was small enough to
be at thermal equilibrium of the hole-scalar system, and
thus a net pressure was zero in average. At some point,
a statistical fluctuation gave large negative pressure to
the universe, and then exponentially rapid expansion of
the universe (the cosmic inflation) started. During the
inflation, number of black holes increase also exponen-
tially because the number density of holes is conserved
as shown above. The cosmic inflation finished when a
net pressure recovered to be zero due to a suppression
of statistical fluctuation according to increasing number
of holes as δNBH/NBH ∼ N−1/2BH . While this qualita-
tive discussion must be proved by a detailed quantitative
analysis, it is beyond a scope of this study. Here follow-
ing discussions are pursued under the assumption that
the universe was at thermal equilibrium after the cosmic
inflation.
A statistical fluctuation of the system with N sam-
plings is δN = N1/2 due to the central limit theorem.
Total number of background black-holes in the universe is
obtained as Ntot = 4pir
3
∗NBH/3, where r∗ = 2.7×1061 lp
is a comoving radius of the current observable-universe.
We note that number of samplings which contributes to
a statistical fluctuation is not simply number of holes
in the current universe. Appropriate number of holes
concerning to a fluctuation must be determined through
the whole history of the universe. A clear upper-bound
of number of holes may be total number of holes in
whole four-dimensional volume of the universe up to date,
which can be estimated as
Nmax =
4pi
3
r3∗t0NBH ∼ 3.4× 10244, (53)
where t0 = 8.1×1060 lp is the age of the universe. There-
fore, a statistical fluctuation of total number of holes due
to the central limit theorem is δNmax = 1/
√
Nmax ∼
5.5 × 10−123. This fluctuation causes a fluctuation of a
net vacuum energy as
δρvac = ρvacδNmax ∼ 2.2× 10−48 GeV4, (54)
where the vacuum energy of ρvac = 1.4 × 1074 GeV4 is
employed. This fluctuation gives a lower bound of the
vacuum energy fluctuation, and consistent with a mea-
sured value of the dark energy ρDE ' 2.6× 10−47 GeV4.
Possible reasons of discrepancy may be an over estima-
tion of total number of holes, or there are other sources of
fluctuations. In this discussion, a cancellation more than
hundred order of magnitude realized due to the central
limit theorem, and thus, a fine tuning is not necessary at
all.
VI. SUMMARY
Quantum general relativity is applied to a
Schwarzschild black hole and the hole-field system
in this study. A quantum equation of gravity is proposed
using geometric quantization of general relativity. As
a consequence, an expected value of the quantum
Hamiltonian for a Scherzschild black hole is found to be
consistent with the semi-classical Hawking temperature
at the event horizon. Under several assumptions, a mass
spectrum of the Schwarzschild black holes are obtained
using the EBK quantization condition and the WKB
method. A thermodynamical view of the hole-scalar field
system suggests the universe is a thermal equilibrium
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of holes and the grand-state energy of a scalar field.
When the grand canonical ensemble is applied to black
holes interacting with the vacuum energy of the scalar
field, the measured value of the dark energy can be
understood as the statistical fluctuation of number of
holes.
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Appendix A: Geometrical representation of scalar
field
A Lagrangian of scalar field ϕ(x) can be expressed in
the vierbein formalism as
LS =
1
4!
S·· ∧ [η∗∗ι∗s· ∧ ι∗s· − V (ϕ)e· ∧ e·] , (A1)
where V (ϕ) is a potential energy and ιa = ιξa is a con-
traction with respect to the local coordinate-vector field
as ξa = ηa·Eµ· ∂µ. Scalar-field two-form s• is defined as
sa := dϕ ∧ ea = (∂·ϕ) e· ∧ ea. (A2)
The physical dimension of the scalar field is set to the
length inversed in this study. As a consequence, a La-
grangian form has null physical dimension as
[ϕ] = L−1 →
{
[ι•s•] = L−1
[V ] = L−4 → [LS ] = 1, (A3)
where [•] shows the physical dimension of a form •. On
the other hand, the gravitational Lagrangian has length-
squared [LG] = L
2. Action integral I can be defined
as
I :=
∫
(L + ~LS). (A4)
By requiring a stationary condition on a variation of the
action with respect to the vierbein form such as δeI = 0,
the Euler-Lagrange equation is obtained as
1
2
a···R·· ∧ e· = −κ~ ta, (A5)
where ta is the energy-momentum three-form of a scalar
field, which can be represented as
ta = − 1
3!
a···(ι∗s·) ∧ (ι∗s·) ∧ e· + V (ϕ)Va. (A6)
Here, rising and lowering Roman indexes are performed
using the Lorentz metric tensor, e.g. ιasb = ηa·ι·eb. A
torsionless condition and Klein–Gordon equation can be
obtained from δ(w,dw)I = 0 and δ(ϕ,dϕ)I = 0, respec-
tively.
Lagrangian (A1) can be expressed using a trivial frame
vector on M or M as
(A1) = v
[
1
2
η··∂·ϕ ∂·ϕ− V (ϕ)
]
,
=
√−gdx0 ∧ dx1 ∧ dx2 ∧ dx3
×
[
1
2
gµ1µ2∂µ1ϕ ∂µ2ϕ− V (ϕ)
]
, (A7)
where g is a determinant of a metric tensor gµν . Here,
relation ιae
b = δba is used. Einstein equation (A5) can be
expressed using components of a trivial frame on M as
Rab − 1
2
ηabR = −2κ~ Tab,
Tab = ∂aϕ ∂bϕ− 1
2
ηab∂·ϕ ∂·ϕ+ ηabV,
where Rab and R are the Ricci and scalar curvature, re-
spectively. An energy-momentum tensor T•• is defined
through relation ta = V·T ·a.
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